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A NOTE ON FULL FREE PRODUCT C∗-ALGEBRAS,
LIFTING AND QUASIDIAGONALITY
FLORIN P. BOCA
Abstract. We study lifting properties for full product C∗-algebras with amalgamation over
C1 and give new proofs for some results of Kirchberg and Pisier. We extend the result of
Choi on the quasidiagonality of C∗(Fn), proving that the free product with amalgamation
over C1 of a family of unital quasidiagonal C∗-algebras is quasidiagonal.
All C∗-algebras in this note are unital. By representations and respectively morphisms we
mean ∗-representations of C∗-algebras on Hilbert spaces, respectively ∗-morphisms between
C∗-algebras. If A and B are C∗-algebras, A ⊙ B denotes the tensor product of A and B
viewed as a ∗-algebra, A ⊗
min
B the minimal C∗-tensor product and A ⊗
max
B the maximal one.
If M is a von Neumann algebra, A ⊗
nor
M denotes the normal C∗-tensor product (see [18]).
Throughout this paper, F will denote a free group (not necessarily countable) and C∗(F )
its full group C∗-algebra.
Let A and B be C∗-algebras, J be an ideal of B and pi : B → B/J the canonical quotient
morphism. A unital completely positive (ucp) map Φ : A → B/J is liftable if there exists
a ucp map Φ˜ : A → B such that piΦ˜ = Φ and locally liftable if for any finite dimensional
operator system X ⊂ A, there exists a ucp map Φ˜X : X → B such that piΦ˜X = Φ|X . A
C∗-algebra has the lifting property (LP), respectively the local lifting property (LLP) if any
ucp map Φ : A→ B/J is liftable, respectively locally liftable, for any C∗-algebra B any any
ideal J of B.
Significant connections between these lifting properties and C∗-tensor products have been
established by Kirchberg who proved the following two important results:
Theorem A ([11], Theorem 1.1). A ⊗
nor
M = A ⊗
max
M for any von Neumann algebra M and
any separable C∗-algebra A with LP.
Theorem B ([10], Proposition 2.2). If A is a C∗-algebra, then A ⊗
min
B(H) = A ⊗
max
B(H) if
and only if A has LLP.
In a recent paper ([15], Theorem 0.1 and 1.24) Pisier gave direct and elegant proofs of:
Theorem C. C∗(F ) ⊗
min
B(H) = C∗(F ) ⊗
max
B(H).
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Theorem D. C∗(F ) ⊗
nor
M = C∗(F ) ⊗
max
M for any von Neumann algebra M .
Furthermore, he extended Theorem A proving
Theorem E ([15], Theorem 0.2). Let (Ai)i∈I be a family of C
∗-algebras such that
Ai ⊗
min
B(H) = Ai ⊗
max
B(H), ∀i ∈ I.
Then A ⊗
min
B(H) = A ⊗
max
B(H), where A = ∗
i∈I
Ai denotes the full free C
∗-product with
amalgamation over C1.
This note grew up in an attempt to understand the connection between these results and
simplify the proofs of Kirchberg’s deep results. In the first part we give new proofs for
Theorems A and B, relying on Theorems D respectively C and on standard arguments from
[8] (see also [18]).
The proof of Theorem E uses a factorization type result of Paulsen and Smith ([13]) and
the Christensen-Effros-Sinclair embedding of the Haagerup tensor product of two C∗-algebras
into their full C∗-amalgamated product ([6]). We give a different proof of Theorem E using
the equivalence between the conditions in Theorem B and the local liftability of idA and the
extension result for ucp maps on full free product C∗-algebras from [2].
As a consequence of our proof of Theorem A, if (Ai)i∈I is a family of C
∗-algebras such that
idAi is liftable for all i ∈ I, then(
∗
i∈I
Ai
)
⊗
nor
M =
(
∗
i∈I
Ai
)
⊗
max
M
for any von Neumann algebra M .
The existence of a faithful block-diagonal ∗-representation of C∗(F2) on a separable Hilbert
space ([5]) implies that C∗(F ) is quasidiagonal for any free group F (countable or not). We
extend this result by proving that if (Ai)i∈I is a family of (unital) quasidiagonal C
∗-algebras,
then ∗
i∈I
Ai is quasidiagonal. The proof relies on the characterization of quasidiagonality with
approximate multiplicative ucp maps ([17]) and on [2].
The following lemma is probably well-known:
Lemma 1. Let J be an ideal of a C∗-algebra B, H be a Hilbert space and M a von Neumann
algebra. Then:
(i) If B ⊗
min
B(H) = B ⊗
max
B(H), then J ⊗
min
B(H) = J ⊗
max
B(H).
(ii) If B ⊗
nor
M = B ⊗
max
M , then J ⊗
nor
M = J ⊗
max
M .
Proof. (i) Let x =
∑
i
ai ⊗ xi ∈ J ⊙B(H). Using the fact that any (nondegenerate) represen-
tation ρ of J extends (uniquely) to a representation pi of B on the same Hilbert space such
that ρ(J) is strongly dense in pi(B) ([7], Proposition 2.10.4), the hypothesis and the isometric
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embedding of J ⊗
min
B(H) into B ⊗
min
B(H) ([18]), we obtain:
‖x‖J ⊗
max
B(H) = sup
{∥∥∥∥∑
i
pi1(ai)pi2(xi)
∥∥∥∥; pi2 representation of B(H)pi1 : J → pi2(B(H))′ morphism
}
= sup
{∥∥∥∥∑
i
pi1(ai)pi2(xi)
∥∥∥∥; pi2 representation of B(H)pi1 : B → pi2(B(H))′ morphism
}
= ‖x‖B ⊗
max
B(H) = ‖x‖B ⊗
min
B(H) = ‖x‖J ⊗
min
B(H).
(ii) Let x =
∑
i
ai ⊗ xi ∈ J ⊙M . As in (i) we get ‖x‖J ⊗
max
M = ‖x‖B ⊗
max
M . By hypothesis
‖x‖B ⊗
max
M = ‖x‖B ⊗
nor
M and therefore:
‖x‖J ⊗
nor
M = sup
{∥∥∥∥∑
i
pi1(ai)pi2(xi)
∥∥∥∥; pi2 normal representation of Mpi1 : J → pi2(M)′ morphism
}
= sup
{∥∥∥∥∑
i
pi1(ai)pi2(xi)
∥∥∥∥; pi2 normal representation of Mpi1 : B → pi2(M)′ morphism
}
= ‖x‖B ⊗
nor
M . 
Remark 2. (i) If B is a C∗-algebra, J an ideal of B and M a von Neumann algebra, then
J ⊗
nor
M is an ideal of B ⊗
nor
M .
(ii) If A1 andA2 are C
∗-algebras and Φj : Aj → B(H) are ucp maps such that [Φ1(a1),Φ2(a2)] =
0, aj ∈ Aj, there exist a Hilbert space K, an isometry V : H → K and representations
pij : Aj → B(K) such that Φ1(a1)Φ2(a2) = V
∗pi1(a1)pi2(a2)V , aj ∈ Aj , j = 1, 2 (see e.g. Propo-
sition 4.23 in [16] or Theorem 1.6 in [18]). This shows that Φ
(∑
i
ai ⊗ bi
)
=
∑
i
Φ1(ai)Φ2(bi)
extends to a ucp map Φ : A1 ⊗
max
A2 → B(H).
An inspection of the proof of Theorem 1.6 in [18] shows actually that if one of the ucp
maps Φj is normal, the representation pij is also normal. In particular if A is a C
∗-algebra, M
a von Neumann algebra, Φ1 : A → B(H), Φ2 : M → B(H) are ucp maps and Φ2 is normal,
then Φ extends to a ucp map Φ : A ⊗
nor
M → B(H).
Lemma 3. Let J be an ideal in a C∗-algebra B and A = B/J . Then:
(i) If idA : A→ B/J is locally liftable, then the C
∗-norm νmin induced on A⊙ C from the
quotient
(
B ⊗
min
C
)/(
J ⊗
min
C
)
coincides with ⊗
min
for any C∗-algebra C.
(ii) If idA : A → B/J is liftable, then the C
∗-norm νnor induced on A ⊙M from
(
B ⊗
nor
M
)/(
J ⊗
nor
M
)
coincides with ⊗
nor
for any von Neumann algebra M .
Proof. (i) The proof is as in Theorem 3.2, (i)⇒ (ii), [8]. Denote by pi the quotient morphism
from B onto A. Let x =
∑
i
pi(bi)⊗ ci, with bi ∈ B, ci ∈ C and X ⊂ A be a finite dimensional
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operator system which contains pi(bi). By hypothesis, there exists a ucp map Φ : X → B
such that piΦ = idX . We have:
‖x‖νmin = inf
a∈J ⊗
min
C
∥∥(Φ⊗ idC )(x) + a∥∥B ⊗
min
C
6
∥∥(Φ⊗ idC )(x)∥∥B ⊗
min
C
6 ‖x‖A ⊗
min
C .
The inequality ‖x‖A ⊗
min
C 6 ‖x‖νmin is clear.
(ii) The inequality ‖x‖νnor 6 ‖x‖A ⊗
nor
M , x ∈ A⊙M follows as above, considering a ucp lifting
Φ : A→ B of idA and using the fact that Φ⊗ idM extends by Remark 2 to a contractive map
Φ⊗ idM : A ⊗
nor
M → B ⊗
nor
M .
Since pi ⊗ idM : B ⊗
nor
M → A ⊗
nor
M is contractive and its kernel contains J ⊗
nor
M , we get
for all x =
∑
i
bi ⊗ ci ∈ A⊙M :
‖x‖A ⊗
nor
M = inf
a∈J ⊗
nor
M
∥∥∥∥(pi ⊗ idM )(∑
i
Φ(bi)⊗ ci + a
)∥∥∥∥
A ⊗
nor
M
6 inf
a∈J ⊗
nor
M
∥∥∥∥∑
i
Φ(bi)⊗ ci + a
∥∥∥∥
B ⊗
nor
M
= ‖x‖νnor. 
Corollary 4. Let A be a C∗-algebra. Then:
(i) If idA is locally liftable, then A ⊗
min
B(H) = A ⊗
max
B(H).
(ii) If idA is liftable, then A ⊗
nor
M = A ⊗
max
M for any von Neumann algebra M .
Proof. (i) Let F be a freee group (not necessarily countable) and pi : C∗(F )→ A a morphism
which is onto and J = Kerpi. The following sequence is exact ([18]):
(1) 0→ J ⊗
max
B(H)→ C∗(F ) ⊗
max
B(H)→ A ⊗
max
B(H)→ 0.
If idA is liftable then A ⊗
min
B(H) = A ⊗
νmin
B(H) by Lemma 3. Since C∗(F ) ⊗
max
B(H) =
C∗(F ) ⊗
min
B(H) ([11], see Theorem 0.1, [15] for a short proof), Lemma 1 shows that J ⊗
max
B(H) = J ⊗
min
B(H). By the exactness of (1) we have the following canonical equalities:
A ⊗
max
B(H) =
(
C∗(F ) ⊗
max
B(H)
)/(
J ⊗
max
B(H)
)
=
(
C∗(F ) ⊗
min
B(H)
)/(
J ⊗
min
B(H)
)
= A ⊗
νmin
B(H) = A ⊗
min
B(H).
(ii) For any free group F and von Neumann algebra M we have
(2) C∗(F ) ⊗
max
M = C∗(F ) ⊗
nor
M.
The subsequent proof of (2) is from [15] and the idea is to consider as in [9] for any
x1, . . . , xn ∈ M the linear (completely bounded) map T = Tx1,...,xn : C
n → M , Tej = xj . If
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σ-finite, M can be represented on a Hilbert space with separating vector and according to
Lemma 3.5, [9] we have
(3) ‖T‖dec = sup
aj∈M ′
‖aj‖61
∥∥∥∥ n∑
j=1
ajxj
∥∥∥∥.
Denote by {Uj}j the canonical generators of C
∗(F ). Let xj ∈M such that xj 6= 0 only for
finitely many j′s and
∥∥∑
j
Uj ⊗ xj
∥∥
C∗(F ) ⊗
nor
M
6 1. Let aj ∈ M
′ such that ‖aj‖ 6 1. By [4] the
map Φ(Uj) = aj extends to a ucp map Φ : C
∗(F )→M ′ and according to (3) and Remark 2,
we obtain∥∥T{xj}j∥∥dec = sup
aj∈M ′
‖aj‖61
∥∥∥∥∑
j
ajxj
∥∥∥∥ 6 sup
{∥∥∥∥∑
j
Φ(Uj)xj
∥∥∥∥; Φ : C∗(F )→ M ′ ucp
}
6
∥∥∥∥∑
j
Uj ⊗ xj
∥∥∥∥
C∗(F )⊗
nor
M
6 1.
Let ρ : M → B(H) be a representation. By (3) and Proposition 1.3, [9] we have∑
bj∈ρ(M)′
‖bj‖61
∥∥∥∥∑
j
bjρ(xj)
∥∥∥∥ = ∥∥ρT{xj}j∥∥dec 6 ∥∥T{xj}j∥∥dec 6 1,
and therefore
∥∥∑
j
Uj ⊗ xj
∥∥
C∗(F ) ⊗
max
M
6 1. The arguments from [15] show that this implies
(2).
If M is not σ-finite, one proves∥∥∥∥∑
j
Uj ⊗ xj
∥∥∥∥
C∗(F ) ⊗
max
M
=
∥∥∥∥∑
j
Uj ⊗ xj
∥∥∥∥
C∗(F ) ⊗
nor
M
using a net (pι)ι of σ-finite projections such that pι ր 1 strongly.
Finally, let A = C∗(F )/J be a C∗-algebra such that idA : A → B/J is liftable. The
equality A ⊗
nor
M = A ⊗
max
M follows as in (i) using (2) and part (ii) in Lemma 3. 
Remark 5. (i) A different proof of (2) was obtained by Kirchberg and Wassermann ([12]).
(ii) By the previous proof we may assume only that idA : A→ C
∗(F )/J is locally liftable
(respectively liftable), where F is a free group such that A = C∗(F )/J .
The next proof of (iii) ⇒ (i) in Theorem B follows the ideas of (vi) ⇒ (i) in Proposition
2.2, [10]. Nevertheless, it uses only the fact that C∗(F ) ⊗
min
B(H) = C∗(F ) ⊗
max
B(H) and does
not appeal to the (local) liftability of C∗(F ) ([11], Lemma 3.3).
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Proposition 6. Let A be a C∗-algebra. The following are equivalent:
(i) A has LLP.
(ii) There exist a free group F and a morphism pi from B = C∗(F ) onto A such that
idA : A→ B/Kerpi is locally liftable.
(iii) A ⊗
min
B(H) = A ⊗
max
B(H).
Proof. (i)⇒ (ii) Obvious.
(ii)⇒ (iii) Follows from Corollary 4 and its subsequent remark.
(iii)⇒ (i) Let Φ : A→ B/J be a ucp map, E ⊂ A be a finite-dimensional operator system
and pi : B → B/J be the quotient morphism.
We can always assume B = C∗(F ). For, let F be a free group such that there exists a
morphism pi0 from C
∗(F ) onto B. If there exists a ucp map Ψ : E → C∗(F ) such that
pipi0Ψ = Φ|E , then Ψ˜ = pi0Ψ : E → B is a ucp map and piΨ˜ = Φ|E .
In the remainder we take B = C∗(F ). The idea of proof is from Theorem 3.2, [8] (see also
Proposition 6.8, [18]). Fix a central approximate unit {eι}ι for B in J ([14]) and a linear
self-adjoint map Ψ : E → B with piΨ = Φ|E . The map Ψι(x) = (1 − eι)
1/2Ψ(x)(1 − eι)
1/2,
x ∈ E, fulfills piΨι = Φ|E and ‖Ψι‖cb > 1 for all ι.
The liftability of Φ|E follows as at the end of the proof of Proposition 6.8 in [18], once we
prove that lim
ι
‖Ψι‖cb = 1. Assume that lim sup
ι
‖Ψι‖cb > 1. Passing eventually to a subnet,
we get ε > 0 such that ‖Ψι‖cb > 1 + ε for all ι. Choose nι ∈ N
∗ and xι ∈ E ⊗
min
Mnι(C),
‖xι‖ 6 1 such that ∥∥(Ψι ⊗ id )(xι)∥∥ > 1 + ε
2
.
Let C = ⊕
ι
Mnι(C). Set x = (xι)ι ∈ ⊕
ι
(
E ⊗
min
Mnι(C)
)
= E ⊗
min
C. Then
(4)
∥∥(Ψι ⊗ idC )(x)∥∥B ⊗
min
C
>
∥∥(Ψι ⊗ idnι )(xι)∥∥ > 1 + ε2 for all ι
and there exists x ∈ E⊙C, ‖x‖A ⊗
min
C 6 1 such that (4) is fulfilled. Using the basic properties
of central approximate units we get as in Proposition 6.8, [18]:
(5) lim
ι
∥∥(Ψι ⊗ idC )(x)∥∥B ⊗
min
C
= inf
a∈J ⊗
min
C
∥∥(Ψ⊗ idC )(x) + a∥∥B ⊗
min
C
.
The existence of a conditional expectation from B(H) onto C and the equalities A ⊗
max
B(H) = A ⊗
min
B(H) and B ⊗
max
B(H) = B ⊗
min
B(H) imply A ⊗
max
C = A ⊗
min
C and respectively
B ⊗
max
C = B ⊗
min
C. By Lemma 1 we also have J ⊗
max
C = J ⊗
min
C. These equalities together
with (5) yield
lim
ι
∥∥(Ψι ⊗ idC )(x)∥∥B ⊗
min
C
= inf
a∈J ⊗
max
C
∥∥(Ψ⊗ idC )(x) + a∥∥B ⊗
max
C
.
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The last equality and the exactness of
0→ J ⊗
max
C → B ⊗
max
C → A ⊗
max
C → 0
finally imply
lim
ι
∥∥(Ψι ⊗ idC )(x)∥∥B ⊗
min
C
=
∥∥(pi ⊗ idC)(Ψ⊗ idC)(x)∥∥B/J ⊗
min
C
=
∥∥(Φ⊗ idC )(x)∥∥B/J ⊗
max
C
6 ‖x‖A ⊗
max
C = ‖x‖A ⊗
min
C 6 1,
which contradicts (4). 
In the second part we study the behaviour of these properties with respect to the full free
C∗-product, using the result from [2] (see also [3] and [4]).
Proposition 7. Let (Ai)i∈I be a family of unital C
∗-algebras such that idAi is liftable for any
i ∈ I. Then the identity map on A = ∗
i∈I
Ai, the full free C
∗-algebra with amalgamation over
C1, is liftable. In particular A ⊗
nor
M = A ⊗
max
M for any von Neumann algebra M .
Proof. Let B be a C∗-algebra and pi a morphism from B onto A. Since idAi is liftable for all
i, there exist ucp maps Φi : Ai → Bi = pi
−1(Ai) ⊂ B with piΦi = idAi.
Let ϕi be a state on Ai and A
0
i be the kernel of ϕi. The algebraic free product with
amalgamation over C1, A = ⊛
i∈I
Ai, is isomorphic with C1⊕
⊕
i1 6=···6=in
A0i1 ⊗ · · · ⊗A
0
in (as vector
spaces). By [2], the unital linear map Φ : A → B defined by Φ(a1 · · · an) = Φi1(a1) · · ·Φin(an),
aj ∈ A
0
ij
, i1 6= · · · 6= in, extends to a ucp map Φ : A→ B such that piΦ = idA. 
Corollary 8. Let (Ai)i∈I be a family of unital C
∗-algebras such that idAi is liftable for any
i ∈ I. Then
(
∗
i∈I
Ai
)
⊗
nor
M =
(
∗
i∈I
Ai
)
⊗
max
M for any von Neumann algebra M .
In order to prove the “local” version of Proposition 7 we have to proceed more carefully.
The following lemma and its corollary are standard ([8], see also [18]).
Lemma 9. Let A and B be C∗-algebras, X1 ⊂ X2 finite dimensional operator systems in A
and pi a morphism from B onto A. If there exist ucp liftings Ψj : Xj → B of idXj , j = 1, 2,
and Ψ1 extends to a ucp map Ψ˜1 : X2 → B, then for any ε > 0 there exists a ucp map
Ψ : X2 → B such that piΨ = idX2 and
∥∥Ψ1 −Ψ|X1∥∥ < ε.
Proof. Let J be the kernel of the quotient morphism pi : B → A = B/J and {eι}ι be a central
approximate unit for A in J . Since Ψ1(x)−Ψ2(x) ∈ J , x ∈ X1, we obtain:
lim
ι
∥∥Ψ1(x)− (1− eι) 12Ψ2(x)(1− eι) 12 − e 12ι Ψ1(x)e 12ι ∥∥ = 0 for all x ∈ X1.
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Since X1 is finite dimensional, a standard compactness argument yields an index ι0 such
that e = eι0 satisfies:
(6)
∥∥Ψ1(x)− (1− e) 12Ψ2(x)(1− e) 12 − e 12Ψ1(x)e 12∥∥ < ε‖x‖ for all x ∈ X1.
Setting Ψ(x) = (1−e)1/2Ψ2(x)(1−e)
1/2+e1/2Ψ˜1(x)e
1/2, we obtain a ucp map Ψ : X2 → B
such that piΨ = piΨ2 = idX2 . The inequality
∥∥Ψ|X1 −Ψ1∥∥ < ε follows from (6). 
Corollary 10. Let A and B be C∗-algebras, pi a morphism from B onto A and {Xn}n>1
an increasing sequence of finite dimensional operator systems with the property that for all
n > 1 there exist ucp maps Φn : Xn → B and Φ˜n : Xn+1 → B such that piΦn = idXn
and Φ˜n|Xn = Φn. Let X be the norm closure of ∪
n>1
Xn in A. Then, there exists a ucp map
Φ : X → B such that piΦ = idX .
Proof. By the previous lemma there exist ucp maps Ψn : Xn → B such that piΨn = idXn and∥∥Ψn+1|Xn −Ψn∥∥ 6 2−n. For any x ∈ ∪
n>1
Xn, the sequence {Ψn(x)}n>1 is Cauchy and defines
a ucp lifting Φ(x) = lim
n
Ψn(x) which extends to a ucp map on X . 
Proposition 11. Let {Ai}i∈I be a family of C
∗-algebras such that idAi is locally liftable for
all i ∈ I. Then id ∗
i∈I
Ai is locally liftable.
Proof. For each i ∈ I, fix a state ϕi on Ai and denote by A
0
i the kernel of ϕi. Let A = ∗
i∈I
Ai
be the free C∗-product with amalgamation over C1, pi be a morphism from B onto A, where
B is a unital C∗-algebra acting faithfully on a Hilbert space H. Let X ⊂ A be a finite
dimensional operator system. It is plain to check that there exists a countable subset I0 ⊂ I
such that X ⊂ ∗
i∈I0
Ai. Moreover, there exists an increasing sequence of finite dimensional
operator systems {Xn}n>1 with Xn ⊂ C1⊕
⊕
i1 6=···6=im
m6n
A0i1 ⊗ · · · ⊗ A
0
im and X ⊂ ∪n>1
Xn.
According to the previous corollary, it suffices to prove that for any n > 1, there exist ucp
maps Φn : Xn → B and Φ˜n : Xn+1 → B such that piΦn = idXn and Φ˜n|Xn = Φn.
Fix n > 1. Then, there exist a finite set F ⊂ I0 and finite dimensional operator systems
Yi = C1 + Y
0
i ⊂ Ai, i ∈ I, such that for all k 6 n+ 1:
Xk ⊂ Yn+1 = C1 +
∑
i1 6=···6=im
ij∈F,m6n+1
X0i1 · · ·X
0
im = C1⊕
⊕
i1 6=···6=im
ij∈F,m6n+1
X0i1 ⊗ · · · ⊗X
0
im .
Each idXi is liftable, hence there exist ucp maps Ψi : Xi → B such that piΨi = idXi , i ∈ I.
They extend by Arveson’s Theorem ([1]) to ucp maps Ψ˜i : Ai → B(H). The unital map
defined on the algebraic free product ⊛
i∈I
Ai by Ψ(a1 · · · am) = Ψ˜i1(a1) · · · Ψ˜im(am), aj ∈ A
0
ij
,
i1 6= · · · 6= im, extends ([2],[3]) to a ucp map Ψ : ∗
i∈I
Ai → B(H). By the very definition of
Ψ we have Ψ(Yn+1) ⊂ B and piΨ|Yn+1 = idYn+1. Since Yn+1 contains both Xn and Xn+1, we
may take Φn = Ψ|Xn , Φ˜n = Ψ|Xn+1, and apply Corollary 10. 
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Corollary 12. Let (Ai)i∈I be a family of unital C
∗-algebras such that idAi is locally liftable for
all i ∈ I. Then the C∗-free product ∗
i∈I
Ai with amalgamation over C1 has LLP. In particular(
∗
i∈I
Ai
)
⊗
min
B(H) =
(
∗
i∈I
Ai
)
⊗
max
B(H).
In the last part of this note we prove that quasidiagonality is preserved under full free
C∗-products with amalgamation over C1.
Proposition 13. If A1 and A2 are quasidiagonal C
∗-algebras, then A = A1 ∗
C1
A2 is quasidi-
agonal.
Proof. By Theorem 1, [17], A is quasidiagonal if and only if for any ε > 0 and any finite
subset F ⊂ A, there exist a finite dimensional C∗-algebra B and a ucp map Φ : A→ B such
that
(7) ‖Φ(a)‖ > ‖a‖ − ε for a ∈ F
(8) ‖Φ(b)Φ(c)− Φ(bc)‖ < ε for b, c ∈ F .
We can make the following two straightforward reductions:
(I) assume that F ⊂ A = A1 ⊛
C1
A2 = C1 ⊕
⊕
i1 6=···6=in
A0i1 ⊗ · · · ⊗ A
0
in as vector spaces, where
A0i = Kerϕi and ϕi denotes a (fixed) state on Ai, i = 1, 2.
(II) prove for any ε > 0, F ⊂ A finite subset and a ∈ F the existence of a finite dimensional
C∗-algebra Ba and of a ucp map Φa : A→ Ba such that
‖Φa(a)‖ > ‖a‖ − ε
‖Φa(b)Φb(c)− Φa(bc)‖ < ε for b, c ∈ F .
For, note that (7) and (8) are fulfilled by Φ : A→ B = ⊕
a∈F
Ba, Φ(x) = ⊕
a∈F
Φa(x).
To prove (II), fix a faithful representation pi : A → B(H), a finite set F ⊂ A and δ > 0.
Let ξ0 be a unit vector in H such that ‖pi(a)ξ0‖ > ‖a‖ − δ. Each b ∈ F decomposes into a
finite sum
(9) b = α01 +
∑
i1 6=···6=in
bi1 · · · bin , α0 ∈ C, bj ∈ A
0
ij
, i1 6= · · · 6= in.
Denote by Fj , j = 1, 2, the set of such elements of A
0
j which appear in the decomposition of
elements from F . The sets Fj are finite, for we convene to choose only one such decomposition
for each b ∈ F . Consider also the finite dimensional subspace H0 of H spanned by ξ0 and
vectors pi(bi1 · · · bin)ξ0, with b ∈ F and bi1 · · · bin as in (9).
The representations pij = pi|Aj , j = 1, 2 are faithful, hence pij(Aj) are quasidiagonal
and there exist H1 ⊂ H2 subspaces of H such that dj = dimHj < ∞, H0 ⊂ H1 and∥∥[PHj , pij(x)]∥∥ < δ for all x ∈ Fj. Since H1 ⊂ H2, there exist mutually orthogonal pro-
jections e1 = PH1 , e2, . . . , ed2 and mutually orthogonal projections f1 = PH2 , f2, . . . , fd1 such
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that eifj = fjei and
d2∑
i=1
ei =
d1∑
j=1
fj = e. Let v1, . . . , vd2 and w1, . . . , wd1 be partial isometries
such that v∗i vi = e1, viv
∗
i = ei, w
∗
jwj = f1, wjw
∗
j = fj . Set K = eH and consider the ucp
maps Φj : Aj → B(K) defined by
Φ1(x) =
d2∑
i=1
vipi1(x)v
∗
i , x ∈ A1
Φ2(y) =
d1∑
j=1
wjpi2(y)w
∗
j , y ∈ A2.
We have
(10) ‖Φj(x)Φj(y)− Φj(xy)‖ < δ for all x, y ∈ Fj .
By [2], the unital linear map Φ : A = C1 ⊕
⊕
i1 6=···6=in
A0i1 ⊗ · · · ⊗ A
0
in → Ba = B(K),
Φ(x1 · · ·xm) = Φi1(x1) · · ·Φim(xm), xj ∈ A
0
ij
, i1 6= · · · 6= im, extends to a ucp map Φ : A →
B(K). We have ∥∥Φ(a)(ξ0 ⊕ 0H1 ⊕ · · · ⊕ 0H1︸ ︷︷ ︸
d2−1
)
∥∥ = ‖pi(a)ξ0‖ > ‖a‖ − δ.
Moreover, by (10) and the definition of Φ we obtain
‖Φ(b)Φ(c)− Φ(bc)‖ < Mδ,
where M is a positive integer which depends only on F , F1 and F2. Assuming δ <
ε
M
from
the beginning, the proof is complete. 
The following is a plain consequence of the proof of Proposition 13.
Corollary 14. If (Ai)i∈I is a family of quasidiagonal C
∗-algebras, then ∗
i∈I
Ai is quasidiagonal.
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